ABSTRACT. Using new characteristics of an infinite subset of positive integers we give some estimations of the dispersion of the related block sequence.
Introduction
Denote by N and R + the set of all positive integers and positive real numbers, respectively. For X ⊂ N let X(n) = #{x ∈ X : x ≤ n}. In the whole paper we will assume that X is infinite. Denote by R(X) = x y : x ∈ X, y ∈ X the ratio set of X and say that a set X is (R)-dense if R(X) is (topologically) dense in the set R + . Let us notice that the concept of (R)-density was defined and first studied in papers [9] and [10] . Define
X(n) n d(X) = lim
n→∞ X(n) n the lower asymptotic density, upper asymptotic density, and asymptotic density (if defined), respectively. Relations between (R)-density and asymptotic density were studied, among others, in papers [3] , [4] , [6] and [7] . Now let X = {x 1 , x 2 , . . . } where x n < x n+1 are positive integers. The following sequence
is called the block sequence of the set X. Thus the block sequence is formed by blocks X 1 , X 2 , . . . , X n , . . . where
Distribution functions of block sequences were studied in [8] .
the maximum distance between two consecutive terms in the nth block. In this paper we will consider the following characteristics, called the dispersion of the sequence
Relations between the density of the block sequence and the dispersion of the block sequence were studied in [11] , [1] and [2] . Much more information about the mentioned concepts and their relations can be found in the monograph [5] . Notice that the (R)-density of the set X is equivalent to the density of the block sequence (1) in the set (0, 1).
Let us introduce the following characteristics of the set X:
The aim of this note is to estimate the dispersion of X by b(X), b(X), l(X), l(X).

Results
We will start with the following simple property of D(X).
ON ESTIMATIONS OF DISPERSION OF RATIO BLOCK SEQUENCES
On the other hand, if D(X n ) =
Hence D(X) is not greater then the limes inferior of some subsequence of
x n which is clearly not greater then the limes superior of the sequence
When estimating the value D(X) the following lemma is often useful.
P r o o f. By Theorem 1 (see [11] )
Using this result we immediately have the lower bound in (3) . Let
From (4) we have
and the estimation of the upper bound follows.
The following corollary is a straightforward consequence of the Lemma 1. It gives a partial characterization of sets whose dispersion is equal to zero. 
ÓÖÓÐÐ ÖÝ 1º The following implications hold for every set
X = {x 1 < x 2 < . . . } ⊂ N. (i) If lim n→∞ x n+1 x n = 1 then D(X) = 0. (ii) If D(X) = 0 then lim inf
Remark 1º
The reverse implications to (i) and (ii) in the previous theorem do not hold. This is shown by the following examples. 
On the other hand lim sup
(ii) There exists a set X = {x 1 < x 2 < . . . } ⊂ N such that lim inf 
ON ESTIMATIONS OF DISPERSION OF RATIO BLOCK SEQUENCES
be positive integers for n ∈ N. Then
P r o o f. First, we are going to prove (5). Let ε > 0 be given. Then there exists such a k 0 ∈ N that for all k ≥ k 0 the inequalities
hold. These inequalities can be rewritten to the form
Let us denote K =
Then for all sufficiently large n ∈ N we have
By summing up the inequalities (7) for k = k 0 , k 0 + 1, . . . , n − 1 we get
Now, as d(X) = lim inf n→∞ X(c n ) c n , the limit process for n → ∞ applied to (8) proves (5) . To prove (6), first notice that
JÓZSEF BUKOR -PETER CSIBA
Again, summing up the inequalities (7), now for k = k 0 , k 0 + 1, . . . , n we have
and the limit process for n → ∞ applied to (9) proves (6) .
the block sequence is
dense in (0, 1).
then X is (R)-dense, i.e. the block sequence is dense in (0, 1).
Summing up the left sides of inequalities (5) and (6) we have
the right-hand side of the above inequality is greater than or equal to one which yields the (R)-density of X.
The following theorem shows that the upper bound in Corollary 2 cannot be improved. 
Ì ÓÖ Ñ 2º
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